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2. definitions and equations
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3. analytic element methodfor steady flow
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�!��|��Hp��!|+� �l m qQr�s�t+t
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�Ey x p�z l�m�p
{Qo�|�}�~�z p
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�+�,p�p x l � x p
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5. final steady state andfar-field functions
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6. a model with transient elements
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appendix D.
limits for the exponential function
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Añ2ó	ø�ñ��Aú ��û��ßøiù�û õ�
%ó��ø0ö���ñ2ø
ú7û ü� ���������������! �"$#&%(' )%�* +, )�-/.10 24315 5$360 #&7/8 9�:�*;(<�=�>�=�?�@BA�C�? 5�.10�D <!E F�< D/G�H =�I!F�J K!L!=�LME N #O7/8 9!P�* E H A C�K!N�L D E >�<	>�<�=QK H =QC�A #&7/8&P�R�*

S -�T/UWV�X, V�.ZY�[ \^] S -_TQ`�a	b�cd_e�f�g�h�i�j k�l�m(n
omp q r�s^tp o$u n�v�w�x�y�z m�n1{mp q r�s�tp o�u�|

n~}� ��� z&m�n om u p o��(�(��� �O�(�6���� �����!������ �^�1�&�(� ���� � � ���/��� �&�(�
���� ����������^� ���
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2 *�3Q R+S4T�U�V+WEXZY�[4\
T	]�^_ ]�`ba ced
a f�gAh i�j=k

l)m�nEn�o�p�q�r+s t�u f�gAh i�v�k r4t�w=n�r+m�n�x�yEs r+mFr+m�n/z s�{/s r4| f�}�~�h ��k���f�gAh i=��k q�u�� f�gAh i�j=k w�s ��n�|

z s�{� �+�4�����+�E�Z���4�
�	� �� ���b� �e��� ���A� ���=�
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® §�¯° ±+²4³!´=µ+¶E·Z¸�¹4º
³�»=¼½ »�¾b¿ ÀeÁbÂ Ã�ÄAÅ Æ�Ç=È
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appendix F. list of symbols
#$���%�&�
�������������

' (*)$+-,�. /
0 1�24345 +-) 3 +
6 1�247�8 ( 3 (*)9+-,�. /
: 1�24345 +-) 3 +
; 1�24345 +-) 3 +�. 3=<&2 +-> 3 +�. ) 7�?�2 , ? )9,A@AB�> 7 C D E	F�G$H�I
J K&L M-N-O�L P&Q4N-RSK=R�T�N-O-U9V�N�L W4X Y Z G$H�I
[ U9V�VSRS\ R�O-U9N�L W4X�W4]�^$O�U�_&L NA` Y Z G$H�a�I
b N�c�L V�d�X4R�M�M�W4]�U9e�Q�L�] RSO Y Z I
f M-U9N�Q4O�U$N-RSKgN�c�L V�d�X4R�M�M�W4]�U9e�Q�L ]�RSO Y Z Ihf US_9RSO-U9^9RiM-U9N�Q4O-U9N-RSKgN�c�L V�d�X4R�M�M�W9]�U9e�Q�L ]�R�O Y Z I
j$k lmRSM-M�RS\�]�Q�X4VSN�L W4X=W4]�n�O�M-N�d�L X4KgW4]�W$O�K�R�O	o Y p I
q c9`4K�O-U4Q�\ L ViVSW9X�K&Q4V�N�L _&L NA` Y Z GSH�I
r \ RSX4^9N�c Y Z I
s L�X$N�R�^9R�O�VSW4X4M-N-U4X9N Y p I
t L�X$N�R�^9R�O�VSW4X4M-N-U4X9N Y p I
u K&L M-V�c4U9O-^9RiW4]�V�W4X9N�L X4Q4W4Q4Mmv�R$\ \wY Z FSG$H�I
u x K&L M-V�c4U9O-^9RiW4]	L X4M�N-U9X9N�U9X4RSW4Q4Mmv�RS\�\yY Z F�I
u�k K&L M-V�c4U9O-^9RzL�X=K&L O�R�VSN�L W4Xzo Y Z aS{S|�I
} k M-~�R�VSL n�ViK&L M-VSc4U$O�^$R*L X=K&L O-R�VSN�L W9Xzo Y Z G$H�I
� K&L M-V�c4U9O-^9RiU9N�L�X4n&X�L NA` Y Z F�G$H�I
� \ RSX4^9N�c Y Z I
� O-U9K&L U9\�V�W4W9O-K&L�X4U$N�R Y Z I
� M-N-W9O�U$N�L _&L NA` Y p I
� x M-N-O�RSX4^9N�c=W4]�L�X4M-N-U4X9N-U4X4RSW9Q4M�K�W9Q4P&\ R�N Y Z�� I
� N�L��zR Y H�I
� _9U$O�L U9P&\ RzW4]�L�X$N�R�^9O-U9N�L W9X
� k M-RSR�~�U9^9R�_4RS\ W4VSL NA`=L�X=K&L O�R�VSN�L W4Xzo Y Z G$H�I
� V�W4\�Q��*Xg�*U9N-O�L T
� V�U9O-N�R�M�L U4Xgc4W$O�L �SW9X9N-U4\�V�W4W9O-K&L�X4U$N�R Y Z I
� V�U9O-N�R�M�L U4Xgc4W$O�L �SW9X9N-U4\�V�W4W9O-K&L�X4U$N�R Y Z I
� V�U9O-N�R�M�L U4X�_9RSO-N�L V�U4\&VSW4W$O�K&L X4U9N-R Y Z I
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) *#+ ,�-'.�+ /#+ 021 3 4	5�687�9
: ;�<>= 0@?>A ; ?8A�B&C�A�?D? ;�E C�.�.@C8F ; -�G = 0�+ ?'G 3 H&684�9
I JK-�F C�A8L . = ?'G'.@0 < G>0 3 M29

NPO Q>R8R>S H Q8T>T8U�V8W H Q8X�S>Y8T8W'TDW>T>Q H S[Z�\�] A <'^ ?&_`+ 0@B < G�*ba'0�C�c'-�G�d�H V>R>S8e
f C�g'0�A <>= 0�+ ?>G[? ;�= ?'G>0�+ G'-'?'-'. < A@C < .�+�G'h 3 4	687�9
fi C�g'0�A <>= 0�+ ?>G[? ;�< A�C < .�+�G'h[? ; *�C�c>A@C&C W 3 4	687�9
fi2j k < A@0�F�+ G'C < A`+ GDl�? ; C�g�0@A <>= 0�+ ?'G[? ;�< A@C < .�+ G'h[? ; *�C&c>A@C�C W 3 H&6&7�9
m / < A�+ < 0�+ ?>G
n F ? =�< F = ?>?>A@*�+ G < 0@C k C�A k C8G'*#+ = -�F < A�0�?�F�+ G'CPC&F C ^ C&G>0 3 4�9
o +�G'p#-'C&G = C ; -�G = 0�+ ?'G ; ?>A�C8F C ^ C8G>0K_�+ 0�qb-�G'h�G'?&_`G[.@0@A@C8G'c>0�q
r < G'c'F C 3 M29
s +�G'p#-'C&G = C ; -�G = 0�+ ?'G ; ?>A�C8F C ^ C8G>0K_�+ 0�q[h�G'?&_`G[.@0@A@C8G'c>0�q
t .@0�A@C&G'c>0�q[? ;�= ?'G>0�+ G'-'?'-'.�F�+ G'C&*�?'- ] F C&0 3 4	u&687�9
t v w@x�y@z&{'|>x�}[~'����{'w@x��>{>x@�'{'z&~>�'w`� ��{'z���~'�'�#� z�x � �	���
� � ~>y@~>w�� x2� � �2�
� w@x�y@z&{'|>x�}[~'��y�� {'|8�2w@~'�'y@�&z � � ���8� �
� � ~'���'�#�&~>~>y@��� {'�>x@z`�'� ~>{'|[��� {'z���z8� z8�Pz8{>x � ���
� ��z8{'w�� x2��|>y@~'��{'�'���>x@z�y � � � �	���
� �#� w@��}'�>y@|>z`~'�	� ��{'z�w�� {'� � �	� �8� �
� v �#� w@��}'�>y@|>z`~'�	� {'w�x@�'{>x@�>{'z&~'�'w�� ��{'z&w�� {'� � � � �
� � �8y�� �>�#� z`~'����{>x@z�|>y@�>x�� ~>{b��{[x�� �Dz � � �
� �#� w@��}'�>y@|>z � ~8x�z&{>x�� �>��� �	� �8� �
� � � z��&~>�Dz�x�y�� �D}'z��>� � ���
  �&~>� � � z�¡ � ~>x@z&{>x�� �'�	¢�£P¢  �¤�¥ � ¤ � � �&�8� �
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�$#�����%'&(�����(�

)�* +-,/.$+(0�1�2 3'4
5 6$7'3'1/8/+'3-8�2 391�:�+(6$.
; :�7-2�3-8<0<=�7'>'?A@ .$8
;�B @�2 3�.�0<=�7'>'?A@ .$8
C .�D(+-:A7(0<8/,/+'3'1�:A2 ,/+-8�2 7'3
E F 3�+-@�1/8/.$+(=�G91�8/+(8�.
H IJ@ 7�D'.�,(K/L�M-N(O'P�Q 1�1/7'@ >'8�2 7'3
* R @�2 3�.�0<1/.$S-TU.$3-8WVX2 8�Y91/:A.$6$2 F .�=�Y'.$+-=
Z 2�3'1/8�+-3-8/+'3'.$7->'1
[ @�2 3�.�+-,�2 391�:�+(6$.
[ * @�2 3�.�0<1�2�3'4
\ =�.$S-,/.�.U3
] 2�3�2 8�2 +'@A1�8/.�+-=�G91/8/+-8/.
^ _�+-,<0 F .$@ =�_�>�3'6�8�2 7'39_�7-,�6�7'3'1�8/+'3(8
` _�+-,<0 F .$@ =�_�>�3'6�8�2 7'39_�7-,�=A2 1/6�Y'+-,/S-.X+-8�2�3 F 3�2 8<G
a V�.(@ @
b =�.$S-,/.�.Jc
d =�.$S-,/.�.9L
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appendix G. list of figures

���������#� $%����&'�'�����#�����

(*)�+ ,.-�/�0 1"2'354#6'370 8*9 :�;�2#<�4�=#8'1"2'35<78'6*:71"0 <78#370 2*6%2';�2'<5>�4�<�2'6*4'?
(*) @ ,.-�/�0 1"2'354#6'370 8*9 :�;�2#<�/�6�0�;�2#<�ACB�2�DE?
(*) ( ,.-�/�0 1"2'354#6'370 8*9 :�;�2#<�8F>�2*/*G"9 4�3
(*) H I�2*J�8'9�J�2*2'<5>"0�6*8'354�:�;�2'<�9�0 6*4�KL4#9 4#AE4#6'35:�?
(*) M I	0�6*47KN4#9 4#AE4#6'3�0 6%J�2*A�1"9 4�O%=#8'<70 8'G"9 4EP
(*) Q ,.-�/�0 1"2'354#6'370 8*9 :�;�2#<�8*6%8'<54�8#KN:70�6*R
(*) S ,.-�/�0 1"2'354#6'370 8*9 :�;�2#<�8FJ�8':74�DT0 37U%4#0 V*U'3.D�4�9�9 :
(*) W X�2#354#6'370 8*9�8#:T;�/�6*J�370 2*6%2*;�3�U*4T<58'>"0�/*:�Y�;�2'<�:54�=*4�<58*9�='8*9 /*4�:�2*;�37U�4T8*6*V'9 4EZ
(*) [ \E0 :7/�8'9�0 ]�8'370 2*6%2*;�;�8'<NKN^�4�9 >_8#:T0 A�8#V*0�6*8'<5`%G"2*/�6*>�8#<7`

H�)�+ aT1�1"9 0 J�8'370 2'6%2*;�D.4#9 9 :�2*;�>�4�V'<54�4E2'6*4
H�) @ bT4�<70 ='8'370 2*6%2*;�0�6*:5358*6'358*6*4�2'/*:T9 0�6*47KN:70�6*R
H�) ( >�4�<70 =#8'370 2*6F2*;�J�2*6'370 6*/*2*/*:�9�0�6*47KN:70�6*R
H�) H c*2*9�/*370 2'6%2*;�I	0 35R'2*/�U�0"8*6*>_d.4�J7R�e5+�[#W'@'f
H�) M 9�0 6�47KN>�2*/*G"9 4�3�?
H�) Q :735<54#6*V#3�U%2';	9 0�6*4�8'<�>�2*/*G"9 4�3
H�) S 9 2*J�8*9"J�2*2'<5>"0 6*8'354�:�8'3�:70 >�4�gF2*;�8'6%8'<54�8�KN:�0 6*R

M*)�+ hi4�9�9"8*6*>j0 6*^"9 35<58'370 2'6%J�8*6*8'9
M*) @ bE0 :5J�U*8'<5V'4T2*;�J�8*6*8*9"8':�;�/�6*J�370 2*6%2';�370�AE4
M*) ( hi4�9�9"8*6*>j0 6*^"9 35<58'370 2'6%J�8*6*8'9"DT0 37U%:74�J�370 2*6*:�2*;	6*4�8'<5G*`%<70 ='4�<5:
M*) H bE0 :5J�U*8'<5V'4T2*;�J�8*6*8*9"8':�;�/�6*J�370 2*6%2';�370�AE4
M*) M ,.-�/�0 1"2'354#6'370 8*9 :�8'3�>"0 k"4�<54#6#3�3�0 A�4�:�;�2'<.D�4�9�9"8*6*>j0 6*^"9 35<58'370 2*6FJ�8*6*8'9
M*) Q ,.-�/�0 1"2'354#6'370 8*9 :�;�2#<�3LD�2F:5354�8#>"`F:7358'354�:.DT0 37UFD�4�9�9"8*6*>j0 6*^"9 35<58'370 2*6FJ�8*6*8*9
M*) S ,.-�/�0 1"2'354#6'370 8*9 :�;�2#<�3LD�2F:5354�8#>"`F:7358'354�:.DT0 37UFD�4�9�9"8*6*>j0 6*^"9 35<58'370 2*6FJ�8*6*8*9"1"9 /�:

<�0 =*4�<5KL:74�J�370 2*6*:
M*) W ,�O�35<58'J�370 2*6%2';	; 8'<NKN^�4#9 >j;�/�6*J�370 2*6_;�2#<�J�U*8*6*V'0�6*VF37U*4TJ�2*6*:7358*6#3
M*) [ l.2*6*:735<7/*J�370 2*6%2*;�;�8'<NKN^�4�9 >j;�/�6*J�370 2'6_;�2'<�J�U*8*6*V*0 6*V%m n
o*p�q�r sit�u�u"v*w*x_y�v*w*v*u�zT{ |7}_~ v'�N�N��t#u xj~���w*y�|�{ �*w_~ �'��~��'�.�
o*p�q'q �E{ �5y�}*v'�5�'tT�*~�y�v*w*v*u"v'��~���w*y�|7{ �*w%�'~�|7{��EtTz�{ |7}_~�v#�5�N��t�u xj~���w*y�|7{ �*w_~��'�.�
o*p�q�� �T{�w*���N�7�'�*�7y�t
o*p�q�� �*�*u��*|7{ �'w%�*~��Eu ���*t��#�5q��#�#�*�
o*p�q�� sit�u�u"v*w*x_y�v*w*v*u�zT{ |7}_~ v'�N�N��t#u xj~���w*y�|�{ �*w_~ �'���
o*p�q�o �E{ �5y�}*v'�5�'tT�*~�y�v*w*v*u"v'��~���w*y�|7{ �*w%�'~�|7{��EtTz�{ |7}_~�v#�5�N��t�u xj~���w*y�|7{ �*w_~��'���
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(*)�+ ,�-/.'0"1 2�354�.'-�276�8*3�9"1 2:.'4�;/.*1 <�=�>*?
(*) @ A�B�3�3�2�CDC"= ;/E�F*8#-7?#2:8'G�1�=�>*27HI;/2�?'3�2#>#G
(*) J K�L�B�= 9�.#G72�>'G7= 8'1 ;�8'G�C"= M�2�-/2#>'G�G7= 3�2�;
(*) N ,	.'G/2�>'G7= 8'1�8'G�E�2#>#G72�-�.*4�1�= >*2�HI;/2�?'3�2�>'G
(*) O PQ= ;/G/-�= 0"B*G72�CDC"= ;7E�F*8'-/?'2�;�8#G�G�F*2:1 =�>*27HI;72�?*3:2#>'G�4 .'-�G7F�-/2�2:C"= M"2�-/2�>'G�E�.*>*;/G/8*>'G�G7= 3�2Q;7G/2�9�;
(*) ( ,	.'G/2�>'G7= 8'1 ;�8'G�G7F*2QE�2�>'G/2�-�.*4�G7F*2�1 =�>*27HI;72�?*3:2#>'G�4 .'-�G7F*-72�2QC"= M"2�-/2�>'G�E�.'>�;/G/8*>'G�G7= 3�2Q;7G/2�9�;
(*) R ,	.'G/2�>'G7= 8'1 ;�8'G�G7F*2QE�2�>'G/2�-�.*4�G7F*2�1 =�>*27HI;72�?*3:2#>'G�4 .'-�C"= M"2�-72�>'G�=�>*E�-/2�8';7= >�?�G7=�3:2:;/G/2�9�;
(*) S PQ= ;/G/-�= 0"B*G72�CDC"= ;7E�F*8'-/?'2�;�8#G�G�F*2:1 =�>*27HI;72�?*3:2#>'G�4 .'-�C"= M"2�-/2�>'G�=�>*E�-/2�8';7=�>*?�G7=�3:2:;/G/2�9�;
(*) T ,	.'G/2�>'G7= 8'1 ;�8'G�G7F*2QE�2�>'G/2�-�.*4�G7F*2�1 =�>*27HI;72�?*3:2#>'G�4 .'-U<'8'-/V�= >*?%G7=�3:2Q;7G/2�9�;
(*)�+�W PQ= ;/G/-�= 0"B*G72�CDC"= ;7E�F*8'-/?'2�;�8#G�G�F*2:1 =�>*27HI;72�?*3:2#>'G�4 .'-�G7F�-/2�2:G7= 3�2Q;/G72�9�;
(*)�+'+ ,	.'G/2�>'G7= 8'1�8'G�E�2#>#G72�-�.*4�1�= >*2�HI;/2�?'3�2�>'G
(*)�+�@ PQ= ;/G/-�= 0"B*G72�CDC"= ;7E�F*8'-/?'2Q8'G�E�2#>'G/2�-�.*4	1 =�>*2Q;72�?*3:2#>'G
(*)�+�J PQ= ;/G/-�= 0"B*G72�CDC"= ;7E�F*8'-/?'2�;�8#G�G�F*2:1 =�>*27HI;72�?*3:2#>'G�4 .'-�G7F�-/2�2:C"= M"2�-/2�>'G�E�.*>*;/G/8*>'G�G7= 3�2Q;7G/2�9�;
(*)�+�N ,	.'G/2�>'G7= 8'1 ;�8'G�G7F*2QE�2�>'G/2�-�.*4�G7F*2�1 =�>*27HI;72�?*3:2#>'G�4 .'-�G7F*-72�2QC"= M"2�-/2�>'G�E�.'>�;/G/8*>'G�G7= 3�2Q;7G/2�9�;
(*)�+�O ,	.'G/2�>'G7= 8'1 ;�8'G�G7F*2QE�2�>'G/2�-�.*4�G7F*2�1 =�>*27HI;72�?*3:2#>'G�4 .'-�GYX�.%C"= M"2�-/2#>#G�=�>*E�-72�8';7=�>*?%G7= 3�2Q;/G72�9�;
(*)�+�( PQ= ;/G/-�= 0"B*G72�CDC"= ;7E�F*8'-/?'2�;�8#G�G�F*2:1 =�>*27HI;72�?*3:2#>'G�4 .'-�GYX�.%C"= M�2�-/2#>'G�= >*E�-/2�8';7=�>*?%G7= 3�2Q;7G/2�9�;
(*)�+�S ,	.'G/2�>'G7= 8'1 ;�8'G�G7F*2QE�2�>'G/2�-�.*4�G7F*2�1 =�>*27HI;72�?*3:2#>'G�4 .'-U<'8'-/V�= >*?%G7=�3:2Q;7G/2�9�;
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