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1.1 Introduction 1

CHAPTER 1: PURPOSE

1.1 Introduction

In 1987 the author was commissioned to lead an investigation into the environ-
mental effects of a proposed plant for the recovery of bank groundwater, in behalf
of a water company in the western part of the Netherlands. The task included
the hydrological design of a well field (Maas, [1988]). A suitable site was found
along a branch of the river Rhine (Figure 1.1).

Figure 1.1 Topographic map showing the layout of a well
the recovery of bank groundwater.

LSRN ; §

;ﬁ;eid f;)r

By its definition bank groundwater is infiltrated surface water. It has some
qualitative aspects in common with natural groundwater and many with the river
where it originates from. Quality fluctuations of the river water can be retraced
in the recovered groundwater, in a dampened and retaided way. The amount
of dampening and retardation can be influenced to a certain degree by a proper
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arrangement of the well field. The prospects of bank groundwater recovery are
relatively favorable along the lower course of the Rhine. The low-lying polders
cause the river to infiltrate its water permanently. In contrast to the upper
course it is possible to capture bank groundwater at quite a distance from the
river bank, thus creating a large underground mixing reservoir to dampen quality
fluctuations.

As some real and some potential sources of groundwater contamination were
traced near the selected site, it was decided to confine the capture zone to the
area between the wells and the river bank. It can be shown that such is possible
by placing wells of equal strengths in a semi elliptical array (Figure 1.2), tuning
the discharge to the original rate of river water infiltration.

4

Figure 1.2 Sem: elliptical array of wells in uniform flow.

The lengths of the ellipse’s axes can be chosen arbitrarily, although the
choice influences the total amount of groundwater that can be withdrawn. Thus
one has some freedom to influence the mixing properties of the well field. An-
other degree of freedom lies in the spacing of the wells along the ellipse. The
mixing properties of a well field can be characterized by its impulse response.
This can be thought of as a function of time, describing the development of the
concentration of some inert and conservative contaminant in the groundwater re-
covered, following an event of instantaneous pollution of the river. Equivalently,
the impulse response function can be interpreted as the frequency distribution of
the detention times of the water particles recovered. Typically, the impulse re-
sponse function shows no negative values. As a rule, some particles reach the well
field soon and some reach the well field never, while the bulk concentrates around
some mean detention time, causing the impulse response function to show a peak
there. The impulse response function of the projected well field was calculated
approximately. To that end it was recognized that the infiltrating river water
is to pass through a number of “subsystems”, whose impulse response functions
could be calculated by means of analytical (as opposed to numerical) methods.
The first subsystem is the part of the aquifer between the river bottom and the
river bank. As the river is relatively shallow, particles that infiltrate near the
middle of the river need a longer time to reach the river bank than particles
infiltrating near the shore. The second subsystem distinguished is the part of
the aquifer between the bank and the wells. Wells closer to the river are, of
course, reached sooner than wells at a greater distance. Additional spreading of
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detention times is known to be caused by macroscopic dispersion, which occurs
all the way between the river bottom and the wells. This mechanism was treated
as a separate subsystem, which can be defended by the argument that dispersion
is a very complicated process, which defies an exact quantification anyhow. The
fourth and last subsystem is the immediate vicinity of the individual wells. Flow
around the wells causes spreading of detention times, its effect being dependent
on the well spacing and on the amount of water pumped. The four resulting
impulse response functions are schematically pictured in Figure 1.3.

N RO R R R

Figure 1.3 Impulse response functions of the four subsystems.

Each box shows the typical character of the impulse response function of
the corresponding subsystem. The two functions amenable to adjustment are
the second and the fourth ones. As their characters are quite antipodal, we
expected to have good control of the impulse response function of the composite
system. We aimed at designing the well field such that the dominating quality
fluctuations of the river water would be dampened optimally. Using Duhamel’s
principle, it can be shown that the impulse response function of the composite
system can be derived from those of the subsystems by convolution:

o(t) = / / / / 01(T2 = 71) - 02(7s — 72) - O3(7a — 73) - 0a(t — 74)dradradroydry (1.1)

(More on convolution will be said in the following chapter). The resulting func-
tion O(t) is depicted in Figure 1.4 for a particular choice of the design parameters.
The river water was supposed to be contaminated by a radio-active substance.
The function ©(t) is shown for various rates of decay.

O(t) turns out to show a distinct maximum. Although it has an infinitely
long tail, its shape is more or less symmetrical. The function reminds us of the
Gaussian distribution. The surprising part is that we were not able to alter this
Gaussian-like character, no matter how we changed the free parameters. We
could change the height of the peak, and move its location, but the basic shape
remained unaffected. It occurred to us that the convolutional process was to be
held responsible for this result. Some experimental calculations revealed that
if we added some more systems to the four pictured in Figure 1.3, the result
looked even more like a Gaussian distribution, no matter how fancy the impulse
response functions of the subsystems were chosen. Each system added, however,
appeared to increase the variance of the resulting Gaussian-like shape, at the
same time shifting its maximum to the right. By analogy to the Central Limit
Theorem of statistics we suspected that only the means and variances of the
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Figure 1.4 Impulse response function of the well field.

impulse response functions of the subsystems contributed to the final result, the
other characteristics being somehow neutralized by each other. Thus, in order to
calculate the impulse response of a composite system, it might not be necessary
to know the impulse response of the constituent subsystems exactly and it would
probably suffice to use only crude models for them, as long as they yield the mean
and the variance.

The project budget at the time not being tailored to such investigations,
the idea was shelved to be elaborated at a better occasion.

1.2 Aim of the LCMR-project

That occasion presented itself in 1990, when the author had the opportunity
to take part in a research project at the University of Minnesota, sponsored
by the Legislative Commission on Minnesota Resources (LCMR). The broader
aim of this project is the “implementation of spatial and seasonal variability of
chemical transport in Minnesota groundwater.” The part of the project relevant
to this report is to “investigate the effect of soil irregularities on the spreading
of contaminants, develop a mathematical formulation, and implement this in
the computer program MLAEM?” (cited from the MFRC Work Program 1989).
Program manager is Prof. O.D.L. Strack of the University of Minnesota, who
developed the computer program referred to. MLAEM is a groundwater model
based on Analytical Elements, as opposed to the usual numerical methods of
computation, of which Finite Elements are probably most frequently used. (The
basic principles of the analytical element method are given in Strack [1989)].) As
to contaminant transport the program is presently apt to calculate flow lines in
piecewise homogeneous media. The spreading of contaminants by dispersion due
to soil irregularities has not yet been taken into account.
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Much work has been done on dispersion in the past two decades. Theoretical
developments are now almost completely in the domain of stochastic geohydrol-
ogy, which is becoming a discipline in its own right (Dagan [1989]). In spite
of apparent progress the fundamentals are still subject to discussion (Sposito et
al. [1986]). From the deterministic point of view, applied mathematicians have
devoted much effort to the development of effective numerical schemes to solve
the “classical” dispersion-convection equation, which by its nature is an unruly
task. The problems encountered are in the field of numerical mathematics rather
than physics. The analytical element method, being essentially non-numerical,
does not benefit from progress in this field.

As dispersion in porous media is a vast field of research, bounds had to
be set as to the aim of the LCMR-project. Implementation in MLAEM being
the final goal it was decided to focus on analytical methods for one-dimensional
dispersive transport in non-uniform flow. The neglect of transverse dispersion
(in this stage) is defendable by the fact that recent field studies invariably reveal
transverse dispersion to be small as compared to longitudinal dispersion. Only
“ideal contaminants” are considered, i.e., it is supposed that the contaminating
particles do not interfere with the groundwater flow process. The irregularities
of the medium are assumed to be non-systematic. We will refer to them as
heterogeneities.

1.3 Scope of the report

Transport through irregular (i.e. heterogeneous) porous media shows some sim-
ilarities to the process sketched in Section 1.1. Following a stream line, one can
think of the porous medium as a chain of subsystems, that have to be passed by
the groundwater particles. On the basis of our former experience we expected
that not all of the peculiarities of the subsystems would contribute to the final
spreading of a contaminant. Consequently it might not be necessary to know the
detailed structure of the subsystems. We conjectured that it would be possible
to characterize the final spreading by two or three parameters. This idea has
been elaborated in Chapter 2, in a very general setting. The theory is applied
to one-dimensional contaminant transport in Chapter 3.

A simultaneous, but quite different track has been trod by Strack [1992], who
proposed an entirely new differential equation to describe dispersive transport
through porous media. His work is part of the project but it is not covered by
this report. Only the results are quoted here and solutions to Strack’s equation
are given for the uniform flow case. The two approaches meet in Chapter 4,
where they are confronted with a series of simulated column experiments.
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CHAPTER 2: ON THE SHAPE OF
BREAKTHROUGH PROFILES

2.1 Aim of the chapter

In this chapter we will go more deeply into the conjecture formulated in the
foregoing sections. Our hypothesis is that signals of finite duration, transmitted
through a series of linear systems, eventually assume a simple shape that can be
characterized appropriately by just a few parameters. Tentatively, we call this
shape skew Gaussian, the meaning of which should be intuitively clear from the
discussion in the preceding chapter. As the theory develops, a more accurate
description will evolve. Although the setting of this chapter is more or less
abstract, we will emphasize the applicational aspects and rely on an intuitive
approach rather than going into mathematical details.

2.2 Simple example of a convolutional limit

Cw® C.(t)
6,® 6,0 X

Figure 2.1 A series of systems transferring a signal.

Consider a series of systems that convert an input signal into an output
signal (Figure 2.1). Here the word signal means an observable and measurable
phenomenon, which changes its magnitude in the course of time, and which
has the property that it propagates. Examples are waves of sound, plumes of
contaminant and the likes. The medium, or part of it, through which the signal
propagates we call a system. Usually a signal changes its shape while passing
through a system, so that one might say the system transforms the signal. The
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system is linear if the transformation L is linear in a mathematical sense:

L(acin) = aL(cin) 2.1)
for any scalar o and

L(ciy + cfn) = Llcin) + L(ch) (2.2)

where ¢! is any input signal. For a single linear system, Figure 2.2, the relation
between input signal and output signal can be expressed by a convolution integral

+4oo
L{cin(t)} = / cin(T)0(t — 7)dT = cour(?t) (2.3)

-0

where (1) is a function that is completely determined by physical characteristics
of the system. The mathematical meaning of 8(¢) can best be understood by
sending an impulse signal (Dirac’s delta) through the system. It then follows
from (2.3) that

+o00
cous(t) = / §(r)0(t — )dr = 6(2) (2.4)
~00

which means that in case of an impulsive input signal the output signal reveals
the shape of 6(t). 6(t) is, therefore, called the impulse response function of the
linear system.

0 Cou®
2

Figure 2.2 A single linear system.

Figure 2.3 clarifies the computational meaning of the convolution integral
(2.3). cin(t) and 6(2) are depicted as two arbitrary functions of time. ¢;,(2) is
drawn in the usual way, as a function of the integration variable 7, while 6(7)
is shown as a mirror image. The origin of §(7) is shifted over a distance ¢, and
the overlapping parts of ¢iy and 6§ are indicated by shading. On the overlapping
interval, ¢jn and € are multiplied to yield the lower picture of Figure 2.3. The
area .4 then equals the convolution product of ¢;, and 8, at time ¢.

When a signal is transmitted through a series of linear systems, as in Figure
2.1, the relation between input signal and output signal can obviously be given
by a repeated convolution integral:

+o0o  pto0 +o0
cont)= [ [ [ () 010 )
-02(T3—T2)...9n(t— Tn)dTldTg...dTn (25)
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Figure 2.3 Computational meaning of the convolution product.

In order to gain some feeling for the way a repeated convolution product effects an
input signal, consider a simple example, where the signal is an impulse (Dirac’s
delta) and the systems all have the same impulse response function, which is
chosen to be the block function of unit area, shown in Figure 2.4. After the
first system has been passed, the signal shows the shape of the impulse response
function itself. The second system changes the signal into a triangle, whose area
is still unity, and whose base is twice the base of the impulse response function.
This result is easily grasped intuitively, if one realizes the computational meaning
of the convolution product, depicted in Figure 2.3. After three systems, the
signal has got three branches of second order polynomials, and it already shows
resemblances to a Gauss-curve. One may notice that

a) each convolution causes the mean of the signal to shift an equal amount to
the right.

b) each convolution causes the spreading of the signal to increase. Although
it cannot be inferred accurately from the pictures in Figure 2.4, it is easily
shown that the variance, too, increases with an equal amount after each
convolution, such that after n convolutions the variance equals n times the
variance of the original impulse response function.

¢) outside a certain t-interval, the signal is identically zero, so the “front” of
the signal propagates at finite velocity.

Notions a) and b) remind us of the Central Limit Theorem of statistics, to which
we will turn later (Section 2.3).

In order to see that repeated convolution by a block-shaped function may in-
deed yield a Gauss-curve as the number of convolutions approaches infinity, con-
sider the complex Fourier transform of (2.5). It is well-known that this integral
transform changes a convolution of functions into the product of the transformed
functions

Eout(w) = Ein(“')) ) gl(w) : 52(‘”) <o aﬂ(w) (26)






